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THE SCHUR-HORN PROBLEM FOR NORMAL 

OPERATORS 

MATTHEW KENNEDY AND PAUL SKOUFRANIS 


Abstract. We consider the Schur-Horn problem for normal op¬ 
erators in von Neumann algebras, which is the problem of char¬ 
acterizing the possible diagonal values of a given normal operator 
based on its spectral data. For normal matrices, this problem is 
well-known to be extremely difficult, and in fact, it remains open 
for matrices of size greater than 3. We show that the infinite 
dimensional version of this problem is more tractable, and estab¬ 
lish approximate solutions for normal operators in von Neumann 
factors of type loo, II and III. A key result is an approximation 
theorem that can be seen as an approximate multivariate analogue 
of Kadison’s Carpenter Theorem. 


1. Introduction 

In this paper we investigate the Schnr-Horn problem for normal oper¬ 
ators in von Neumann algebras. The general version of the Schur-Horn 
problem is to characterize the possible diagonal values of a given opera¬ 
tor based on its spectral data. Since the appropriate notion of diagonal 
for an operator in a von Neumann algebra is the conditional expecta¬ 
tion of the operator onto a maximal abelian self-adjoint subalgebra 
(MASA), the Schur-Horn problem can be formulated in the following 
way. 

Problem 1.1 (Schur-Horn). Let T be an operator in a von Neumann 
algebra Wl, and let A be a MASA in DJI with corresponding conditional 
expectation : DJt ^ A. Determine the elements of the set 

(1) T>^(T) ;= {Ej^{U*TU) \ U a unitary in 911}. 

The classical theorem of Schur [24] and Horn [10] completely solves 
the Schur-Horn problem for self-adjoint matrices. A great deal of ef¬ 
fort has gone into hnding generalizations of this result for self-adjoint 
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operators in infinite-dimensional von Neumann algebras. We are par¬ 
ticularly interested in the body of work inspired by the recent papers 
of Neumann [20] and Arveson and Kadison [4], 

For von Neumann factors of type IIi, the work contained in [1,2, 
6,9] culminates in Ravichandran’s Schur-Horn theorem for self-adjoint 
operators [23], which settles an open problem from [4], For the state- 
of-the-art results for von Neumann factors of type loo, we direct the 
reader to the recent work of Kaftal and Weiss [14,15], Jasper [11], and 
Bownik and Jasper [7,8]. 

The Schur-Horn problem for normal operators is seemingly substan¬ 
tially more difficult than the corresponding problem for self-adjoint 
operators. Indeed, for normal matrices the problem is known to be 
equivalent to a difficult problem about the geometry of orthostochas¬ 
tic matrices (cf. [3]), and little is known about the latter problem for 
matrices of size greater than 3 (for matrices of size 3, see [5]). 

Surprisingly, the Schur-Horn problem for normal operators is more 
tractable in inhnite dimensions. In this paper, we establish approxi¬ 
mate Schur-Horn type theorems for normal operators in inhnite dimen¬ 
sional von Neumann algebras. Specihcally, we establish a characteriza¬ 
tion of the norm closure of the set Vj^{N) in (1) when N is 

a normal operator (satisfying certain assumptions, depending on the 
context) in a von Neumann factor 971 of type loo, H or HI. 

It is not difficult to establish (cf. Lemma 4.1) that a necessary condi¬ 
tion for an operator A to belong to I7yt(A^)''is that the spectrum (j{A) 
of A belongs to the closed convex hull conv{a{N)) of the spectrum of 
N. If 9Jt is a factor of type loo, then this condition turns out to be suf- 
hcient when ^ is a continuous MASA. When A is the discrete MASA, 
then we require an additional assumption on the essential spectrum of 
N to circumvent the difficulties that arise for matrices. 

Theorem 1.2. Let A be a MASA in B{'H) for an infinite-dimensional, 
separable Hilbert space H and let N be a normal operator in If 

is continuous, then 

^a(^)'' = {A G .4, I (t{A) C conv((Te(A^))}. 

If A is discrete, then the above equality also holds provided that a{N) C 
conv((Te(A^)), where Ue{N) denotes the essential spectrum of N. 

When 971 is a IR factor and N contains precisely three non-collinear 
points, then an analogous result holds. Perhaps surprisingly, it turns 
out (cf. Example 4.14) that this is the best result possible in this 
setting. 
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Theorem 1.3. Let dJl be a type IIi factor with faithful normal tracial 
state T, and let A be a MASA in Let N E Tl be a normal operator 
such that (j{N) contains precisely three non-collinear points. Then 

= {A G .4, I t{A) = r(A^), cr(4) C conv((T(7V))}. 

We also establish similar results for normal operators in von Neu¬ 
mann factors of type IIoo and III, and for normal operators in Cuntz 
C*-algebras with two generators. 

The key idea behind the above results is a theorem that can be 
seen as an approximate multivariate analogue of Kadison’s Carpenter 
Theorem (cf. [12,13]). 

Theorem 1.4 (Approximate Multivariate Carpenter Theorem). Let DJI 
be a von Neumann factor of type loo, II or III, and let A be a MASA 
in DJi with corresponding conditional expectation : DJI ^ A. Let 
be positive elements in A such that = Im- Suppose 

that 

• DJI is separable if DJI is of type loo, and 

• Eyi is normal except possibly when DJI is type loo ond A is con¬ 
tinuous. 

Then for every e > 0 there are pairwise orthogonal projections 
in DJI such that 

( 1 ) J2k=i Pk = Im, 

(2) \\A,-EAPk)\\<e, 

(3) if DJI is of type loo, then a{Pk) = ae{Pk), and 

(4) if DJI is of type II, then t{Ak) = T{Pk). 

The proof of Theorem 1.4 is divided into cases depending on the type 
of the von Neumann factor nit. We also establish a similar result for 
UHF C*-algebras. 

The intractability of the Schur-Horn problem for normal matrices 
can be explained (cf. Example 3.1) by the fact that there is no h- 
nite dimensional analogue of the approximate multivariate carpenter 
theorem. 

We note that Massey and Ravichandran [18] recently and indepen¬ 
dently obtained results that are similar to the results in our paper. We 
also mention the recent paper [17], where we establish a Schur-Horn 
type theorem for arbitrary operators in a IR factor by considering sin¬ 
gular values instead of spectrum. 

In addition to this introduction, there are three other sections. In 
Section 2 we briefly review a required matricial result and develop 
some useful terminology. In Section 3 we establish Theorem 1.4, the 
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approximate multivariate carpenter theorem. In Section 4 we establish 
our results on the Schur-Horn problem for normal operators. 


2. Background and Preliminaries 

For n G N, let A^„(C) denote the n x n matrices over C, let Vn 
denote the diagonal subalgebra, and let En : A4„(C) —)■ Vn denote the 
conditional expectation of A4n(C) onto Vn- For T G A4„(C), tr(T) will 
denote the (standard) trace of T, and r(T) will denote the normalized 
trace of T, i.e. 

r(T) = itr(r), 

n 

We require the following well-known and elementary result about 
matrices. For the sake of completeness, we include a short proof. 

Theorem 2.1. Let N G Aln(C) he a normal matrix. Then there exists 
a unitary operator U G Aln(C) such that every diagonal entry ofU*BU 
^s t{B) for all Be C*{N). 

Proof. Since iV is a normal matrix, there exists a unitary W such that 
W*NW is diagonal. Fix B G C*{N). Note W*BW is also diagonal. 
Let Cn = and let 



g 

{C? • 

. (cr‘)‘ 

(C)‘ 

1 

(C)^ 


. (cr‘)" 

(C)" 

\/n 



■ 




(C)” • 

■ (c;-’)” 

(C)" 


It is easy to check that P is a unitary matrix and the diagonal entries 
of the matrix V*W*BWV are equal to t{B). Since B was arbitrary 
we can take U = WV. ■ 

To simplify discussions of Theorem 1.4, we make the following deh- 
nition. 

Definition 2.2. Let 91 be a von Neumann algebra. A hnite collection 
of elements C 91 is said to be a partition of unity in 91 if 

0 < Afc < J(y{ for all A; G {1,..., n} and X]fc=i = I<n- 

3. Approximate Multivariate Carpenter Theorem 

In this section we will prove Theorem 1.4. The proof will be divided 
into cases depending on the type of the underlying von Neumann factor. 
But hrst, we will show that no analogue of Theorem 1.4 can hold in 
hnite dimensions. 
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3.1. Type In factors. The following example shows that no analogue 
of Theorem 1.4 holds in hnite dimensions, i.e. for von Neumann factors 
of type In- 

Example 3.1. In [3, Lemma 4], it is shown that if iV = diag(0, l,i) 
and A = diag (|, ^), then although a{A) C conv(cr(iV)) there does 

not exist a unitary U G such that E^{U*NU) = A. 

Consider the projections 

Fi = diag(l, 0 , 0 ), P 2 = diag( 0 , 1 , 0 ), and P 3 = diag( 0 , 0 , 1 ), 
along with the positive contractions 

, ^2 = diag Q, 0 , 0 , and A 3 = diag 

Clearly these matrices all belong to V, tr(Afc) = 1 for A; = 1, 2, 3 and 

Ai + A 2 + A 3 = I 3 . 

Hence by Kadison’s Carpenter Theorem there are unitaries Pi, P 2 , P 3 G 
Al 3 (C) such that Es^U^PkUk) = Ak for k = 1,2,3. 

Now suppose that for any e > 0 there is a unitary operator P G 
A 43 (C) such that 

\\Ak-E 3 {U*PkU)\\ <e 

for k = 1,2,3. Then, since the unitary group of is compact, 

there must be a unitary P G A 43 (C) such that Ak = E^iJJ*PkU) for 
/c = 1, 2, 3. However, writing N = OPi + IP 2 + iP^ gives 

E^iU-NU) = diag (1 i 1^) = A, 

which is a contradiction. 

3.2. Type Iqo factors. We now consider the case of the separable von 
Neumann factor of type loo- This is the algebra P('H) of bounded 
operators acting on a separable inhnite dimensional Hilbert space P. 

3.2.1. The case of the discrete MASA. We hrst consider the case of the 
(discrete) diagonal MASA T> in B{P). We will require the following 
approximation result for partitions of unity in hnite dimensions that 
are nearly scalar operators. 

Lemma 3.2. Let {ak}k=i, {l3k}k=i ^ [0,1] be such that Yl^=i = 
1 = Ylk=i(^k- Then for every e > 0 there exists G N and pairwise 
orthogonal projections {Pk}1^i G Aii{C) such that J2k=i^k = h and 

\\Et{Pk) - diag(afc,/3fc,/3fc, ...,/3k)\\ < e for all k. 


Ai = diag 


1 1 
2’2 
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Proof. By applying a small perturbation, we may assume that 
and /3k are rational for all k. Fix e > 0. Choose iVi,iV 2 G N and 
Wk}k=iA(3k}k=i C MU {0} such that a*, = and (3k = 
all k. Choose No E N such that 


Oik + 3^o/3k 

A^O-^2 + 1 


< e 


for all k, and let i = Ni + {Ni - l)NoN 2 E M. 

Notice that 

can be identihed with a matrix subalgebra of Aie{C) such that 
Choose two collections of pairwise orthogonal projections 


and {QJ}Li ® 


such that 

rank((5fc) = a( and icknk{Q'(0 = No(3l 

for all k. Let 

It is clear that {Qk}(/^=i are pairwise orthogonal projections summing 
to h- 

By Theorem 2.1 there exists a unitary IFi G Al 7 Vi(C) such that each 
diagonal entry of W(Q(Wi is the average of the diagonal entries of 
which is 

— (rank(g;)) = ak- 

Thus the Qk are simultaneously unitarily equivalent to projections of 
the form 

where each diagonal entry of Ak E Alvi(C) is 

For each j = 1,..., iVi — 1, by pairing the (j + l)-th index in M.Ni (C) 
with the j-th matrix entry in the direct summand 
we further obtain that the Qk are jointly unitarily equivalent in Ai£{C) 
to block matrices of the form 


Oik 

Ak,1,2 

Ak,l,3 

■ ■ Ak,l,Ni 

Ak,2,1 

Dk 

Ak,2,3 

■ ■ Ak^2,Ni 

Ak,^,i 

Ak,3,2 

Dk 

• • ^fe,3,Ai 

. Ak,Ni,l 

Ak,Ni,2 

Ak,Ni,3 

Dk 
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where Dk G 7WAro7V2+i(C) is a diagonal matrix with ak appearing once 
along the diagonal, 1 appearing rank(Q'^) = iVo/3^ times along the 
diagonal, and all other diagonal entries being zero. 

Applying Theorem 2.1 again, there exists a unitary W 2 G AlAr(,Ar 2 +i(C) 
such that each diagonal entry of W 2 DkW 2 is the average of the diagonal 
entries of Dk, which is 

•Afe + 

N0N2 + 1 

It follows that conjugating the above matrices with the unitary 
1 © G C © MnoN,+i{C), 

results in projection matrices Pk satisfying the desired conclusion. ■ 

Theorem 3.3. Theorem I .4 holds in the case Wl = B{'H) and A is a 
discrete MAS A. 

Proof. We begin with several perturbations to place the A^s into a 
more desirable form so that Lemma 3.2 may be applied. Since the 
result is trivial for n = 1, we assume n >2. Fix e > 0. Let {em}m>i be 
an orthonormal basis for Ti corresponding to D. By perturbing each 
Ak if necessary, we may assume (at a cost of 2e to our approximation) 
that 2 eI'kL < A„ < (1 — 2e)/^. 

Since a diagonal self-adjoint operator has at most countably many 
eigenvalues of hnite multiplicity, there is iV G N such that the diagonal 
entries of Ak with index greater than N are within ^ of the essential 
spectrum of for all /c = 1 ,..., n — 1 . Since 2e/'^ < A„ < (1 — 26)/-^, 
we may then, at a cost of e to our approximation, perturb the diagonal 
entries of each Ak so that for fc = 1,..., n — 1 the diagonal entries of 
Ak with index greater than N belong to the essential spectrum of Ak 
and ely, < A„ < (1 — e)Iu- 

By the above paragraphs, we have reduced the problem to the case 
where el^ < A„ < (1 — e)/-^ and TL decomposes as "H = where 

TLo is a hnite dimensional Hilbert space, such that with respect to this 
decomposition of Ti we can write 

Ak = Dk © Aj., 

where Dk and Aj, are diagonal operators satisfying 

n n 

^ = 1 ^ 0 , and a(A'^) = (Te(A'fc) for k ^ n. 

k=l k=l 

Let be the orthonormal basis of TL' obtained from {em}m>i 

by removing the hrst N elements and reindexing without reordering. 
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For k = 1,... ,n — 1 let ^ cr(^fe) be an ^-cover. By per¬ 

turbing both A'j^ and A'^ simultaneously in each diagonal entry by at 
most we may assume, at a cost of e to the final approximation, and 
of losing the inequality eJ-^/ < A'^ < {1 — ^)Ih'i that 

= diag(/3fc,i,/3fc,2,...) 

where Pk,m e Wk,j}f=i for /c = 1 ,..., n - 1. 

For each {A,in-i) E nfc=i{l) • • • > let 

= {j eN I 13k,j = ak,ij for all fc = 1 ,..., n - 1}. 

Note that N is a disjoint union of the Therefore, by combin¬ 
ing elements of {ej„}m>i according to which set the index m 

belongs to, we can write 

•H = -Ho © 'Ho © (© •=iH, ) 

where £ G N, Ho and Hq are hnite dimensional Hilbert spaces, each Hj 
is an infinite dimensional Hilbert space, and such that with respect to 
this decomposition of H, 

Ak = Dk © D'l^ © {®^j=i'yk,jI'Hj) 
where Dk and are each diagonal operators, 

n n 

k=l k=l 

and 

{7fc,i I j = 1 ,..., /c = 1,..., n} © [0,1] 

with = 1 for each j. Note that although our assumptions 

were only explicitlyHi,... H„_i, we necessarily obtain the correct form 
for An because of the hypothesis that X]fc=i — I-H- 

By increasing ^ if necessary, by decomposing one of the infinite dimen¬ 
sional Hilbert spaces occurring in the above decomposition into multi¬ 
ple infinite dimensional Hilbert spaces, we may assume that dim(Ho © 
«;) < t This decomposition into direct sums further reduces the 
problem to one of two cases: either 

Ak = PklK E H(/C) for all fc, 

where /C is a infinite dimensional Hilbert space and f3k E [0,1] satisfy 
ELi/^fc = 1, or 

Ak = ak® jSklic E B{C © /C) for all k 
where /C is a inhnite dimensional Hilbert space and ak, 13k E [0,1] satisfy 

ELi/d^ = ELi«/^ = i- 
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For the first case, we may apply Lemma 3.2 with = 13k to obtain 
m E N and pairwise orthogonal projections {Pk}k=i ^ -^m(C) such 
that X]fc=i Pk = Im, and such that each entry along the diagonal of 
Pk is within e of /S^. In this case, the result now follows by taking an 
inhnite direct sum of the Pk- To ensure that a^Pk) = ae{Pk), we can 
perturb each f3k so that 2 e < f3k < l — 2e and require the approximation 
from Lemma 3.2 to be within e of the desired matrices. This implies 
that the projections with the desired diagonal are non-trivial. Thus, 
taking their direct sum gives projections with spectrum equal to the 
essential spectrum. 

For the second case, we may apply Lemma 3.2 to obtain m eN and 
pairwise orthogonal projections {Pk}k=i £ such that ^k = 

Im, the hrst diagonal entry of each Pk is within e of and such that 
the other entries along the diagonal of Pk are each within e of the cor¬ 
responding jSk- The result in this case now follows from the hrst case 
by excluding the hrst m basis vectors of JC. m 

3.2.2. The case of a continuous MASA. For the case of a continuous 
MASA in we hrst deal with the case when each Ak is a scalar 

multiple of the identity. 

Lemma 3.4. Theorem l.f holds in the case DJI = B{TL), A is a contin¬ 
uous MASA, and Ak = O-klu for each k, where the ak E [0,1] satisfy 
= 1 - 

Proof. Without loss of generality, we may assume that ak = ^ for 
each k, where the a*, G N U {0} satisfy X]fc=i Since .4 is a 

continuous MASA, there exist pairwise orthogonal equivalent projec¬ 
tions C A such that Yl!j=iQ'j — These projections give 

rise to a copy of ATAr(C) in BifH). Choose pairwise orthogonal pro¬ 
jections {Qk}k=i ^ such that each Qk is a sum of ak distinct Q's. 
Theorem 2.1 implies there exists a unitary U G AAisf{C) C B{'H) such 
that Q'jU*QkUQ'j = akQ'j for all j, k. Dehning Pk = U*QkU yields the 
desired projections. ■ 

Theorem 3.5. Theorem l.f holds in the case DJI = B{'H) and A is a 
continuous MASA. 

Proof. By approximation, we may assume that the spectrum of each 
Ak is hnite. By taking compressions of all possible intersections of the 
spectral projections of the A^’s (which are necessarily inhnite projec¬ 
tions since A is continuous), we can apply Lemma 3.4 to each compres¬ 
sion. Taking a sum of these hnite number of compressions then yields 
the result. ■ 
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3.3. Type IIi factors. For the case of a von Neumann factor of type 
III, we first consider the case when each is a positive scalar. For this, 
we require the following two technical results about approximating real 
numbers. 


Lemma 3.6. Given e > 0, n G N, and C (0,1), there exists 

{qk}k=i ^ Q that 

(1) Qk e [lrk,rk), 

(2) ^ < e, and 

2 ^j = l ^3 


(3) 


— - nrzSk - < £ qH 




Proof. Choose 0 < 5 < min | | /c = 1,..., n} and for each k choose 

qk e [|rfc, Ivk + (5) n Q. Then 

+ d 


rk 




< 


Qk 


<^n 1 

=12C 


+ E;=i C E;=i ilrk + 6)- E?=1 q, " EU 

and 


Tk + 26 

E n 

.7 = 1 C 


rk - 26 

E n 

7 = 1 C 


Tk 


hk - d 


E n 

.7 = lC 


Ir-- 

2 J 


< 


rk - qk 


E n 

7 = 1 C 


qj 


Tk 


Ak 


e;=i (c - ih +<^)) 

rk 


-2nd + E”=i C 

for each k. Therefore, since {rk}k>i are hxed, the result follows by 
choosing 6 sufficiently small. ■ 

Lemma 3.7. Given e > 0, n G N, and {j)k)k=i — (0) 1) ^'^rch that 
Ylk=iPk = 1; there exists | j G N, /c = 1,..., n} C [0,1] fl Q such 
that 


= Pk and 
i>i 

for all j eN and for all k. 


dk) 


Pk - 


2 ^k=i qj 


(fc) 


< e 


Proof. Fix e > 0. Applying Lemma 3.6 with = pk for all k, we 
obtain q^\ ..., G Q such that g^ G [^Pk,Pk), 


Pk - 


(k) 

qi 




< -e, and 


Pk - 


Pk-qi 


(k) 


E n ( 

i=iPj-qi 


(j) 


1 

^ 2 ^' 
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Next, we may apply Lemma 3.6 with — for all k to obtain 

such that 


(1) ^ 
e 


(fc) ^ 

^2 e 


Ik) 


Pk-qi ] ,Pk - qi 


(k) 


(so that G [lpk,Pk)), 


(k) 

Pk-ql 


(k) 

q2 


Y^Uq^i 


(fc) 

Pk-q\ 


[k) (k) 

Pk-qi -q2 


E n 

,=ifo 


Thus 


for all k. 


qb) 


Pk 


U ) U ) 

.=^Pj - qY- qY 


< -e, and 
4 


1 

< -e. 
2 


(fc) 

?2 




b) 




By recursively applying Lemma 3.6 with = pk — YYi qf^^ the 


^'^fostep, we will obtain \ j e N,k = 1,..., n} C [0,1] fl 
that 


such 




i=i 


'^^Pk,Pk] and 


j=i 


Pk 


qi 


(k) 




b) 


< 




0=1 


for all k and £ G M. Hence the result follows. 


Lemma 3.8. Theorem I .4 holds in the case that ‘OK is a IIi factor and 
Ak = Ciklm for some {afc}Li ^ [0> 1] ELi = 1- 

Proof. Without loss of generality, Ofc 7 ^ 0 for all k. By Lemma 3.7 
there exists {gj^^ \ j G N, fc = 1,..., n} C [0,1] fl Q such that 

i>i 

for all k and, if 




q. 


(fc) 


fk) 


V" a'- 
z^fc=i qj 

then \ak — 7yfc| < e for all j EN and /c G {1,..., n}. 

Since 9Jt is a type IIi factor, there exists pairwise orthogonal projec¬ 
tions 


Q 


(k) 


j G M, /c = 1,. . ., nj c 
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such that T For each k let 

Pu = Y.Qf 

i>i 

(the sum in the strong operator topology) and for each j G N let 


n 


k=l 


Note the P^s and QjS are clearly projections in such that {Pk}^^i 
is a collection of pairwise orthogonal projections with Yl'k=i Pk = Im 
and r(Pfc) = Furthermore, notice that QjiQj 2 = 0 if ji ^ j 2 , 
Ej>i Qj = and 

QjPk = PkQj = Q,PkQj = 

for each j, k. 

For a hxed j G N, consider the IIi factor QjTlQj. Notice there exists 
Cbj, 2 , • • •, aj,n, bj eNU {0} with bj ^ 0 such that 

n 

Hk = bj and fc = ^ 

k=^ 


for all k. Since Qj = Qf^ with G by dividing into 

ttj^k mutually orthogonal projections each of trace ^ and by using the 
property of type IIi factors that projections of equal trace are Murray- 
von Neumann equivalent, we can construct a unital inclusion of (C) 
inside QjTlQj such that QjPkQj corresponds to a diagonal projection 
matrix with 1 appearing on the diagonal precisely aj^k times and each 
diagonal projection lies in A. To simplify notation, let Rj^i,... ,Rj,bj 
denote the pairwise orthogonal projections in QjAQj obtained from 
the diagonal matrix units of 7Wf,^(C). Therefore, by Theorem 2.1 there 
exists a unitary Uj G QjTlQj such that 

Pj,iPj Q jPkQ jPjRj^i ^j,kRj,i 

for all £, k. 

Let 

u = ^Uj em 

i>i 

(where the sum is in the strong operator topology). It is clear that U 
exists and is a unitary operator in DJI. Furthermore, for all j, i, /c. 


\\oikRj,e — Rj/U* PkURj^i 
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Notice that {Rj^i \ j E N,i = are pairwise orthogonal 

projections in A such that 

j>i e=i 

Hence 


\\aklm - PkU)\\ = sup \\T{Pk)Rj,i - Rj^^U*PkURj^e\\ < e. 

Thus the proof is complete as {U*PkU}^^^ is an appropriate set of 
projections. ■ 


Theorem 3.9. Theorem I .4 holds in the case DJI is a IR factor. 


Proof. Using the fact that Ai, ... are contained within a diffuse, 
separably generated, abelian subalgebra Aq of A, that Aq — Too[0,1], 
and by averaging functions over a cover of [0,1] on which the essential 
diameter of functions does not vary substantially, there exists an £ G N, 
{ofcj I G {1,..., n},j G {1,..., £}} C [0,1], and pairwise orthogonal 
projections {QjYj^i E Aq A such that J2j=i Qj = 

n i i 


'^akj = 1, '^Oik,jr{Qj) = T{Ak), and 

k=l j=l 


Ak ^ ^ j 


t=i 


< e 


for all k. 

Fix j G By applying Lemma 3.8 to the type IIi fac¬ 

tor QjDJlQj togehter with the MASA QjAQj, there exists pairwise or¬ 
thogonal projections C QjDJlQj such that YYk=iPk'^ ~ Qt 

^ (^y) = 0 !k,jT{Qj), and 


C^k,jQj pQjAQj (yPk ^ 


< e for all k 


For each k let 


i=i 

By construction, it is clear that {Pk}k=i is a collection of pairwise 
orthogonal projections such that YYk=i = Yl^j=i Qj = ^^cl 

= '^ak,jT{Qj) = r(Afc). 
i=i 
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Finally 


E^iPk) — Yl]=l ^k,jQj 

'l2i=iEQjAQj{QjPkQj) — 'I2i=i^k,jQj 


maxi<j<£ 


E, 


Q j j 


>(i) 


^k,jQ] 


< e 


for all k. Thus 
for all k as desired. 


\\EA{Pk 


AkW < 2e 


For certain operators in IIi factors, equality can be obtained in The¬ 
orem 1.4. This is seen in the next result, which can be obtained from 
a careful analysis of the above proof. 

Corollary 3.10. Let Tl be a type IIi factor and let A be a MAS A in OJt 
with corresponding normal conditional expectation Ea : DJI ^ A. Let 
{Qj}^i be pairwise orthogonal projections in A such that Yl^=iQj — 
Im and let ^ [0; 1] hi Q satisfy 

n 

^j,k— 1 

k=l 

for all j. Then there exists pairwise orthogonal projections C 

DR such that YH=i Pk = and 

m 

pA^Pk) = 'y ^ a^j,kQj 

J=1 

for all k. 

Proof. By compressing 911 and A by each Qj separately, we may as¬ 
sume that m = 1. A careful examination of the proof of Lemma 3.8 
reveals that if the trace of each projection in the hypothesis is rational, 
then equality may be obtained in the conclusion. Hence the condition 
that each aj^k is rational implies the result. ■ 

To further examine when Theorem 1.4 holds with equality, we require 
the following three dehnitions. 

Definition 3.11. Let 911 be a type IIi factor and let .4, be a MASA in 
911. The normalizer of A in 911, denoted by Ma, is the subgroup of the 
unitary group U (911) of 911 dehned by 

ALa := {U G U{DR) I U*AU = A}. 

The MASA A is said to be semiregular if (A/"^)" fl 911 is a factor. If, in 
addition, {ALa)” H 911 = 911, then A is said to be regular (or Cartan). 
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Definition 3.12 ([22]). Let fDl be a IIi factor with trace r and let 
fhi and DI 2 be von Neumann algebras of fDt. If : fDt —)■ fhfc are 
the normal conditional expectations, it is said that and 9 I 2 are 
orthogonal if any of the following equivalent conditions hold: 

(1) r(TiT 2 ) = 0 for all Ti G fhi, T 2 G ^2 with r(Tfc) = 0. 

(2) r(TiT 2 ) = r(Ti)r(T 2 ) for all T, G and T 2 G 012. 

(3) E<n,{T 2 ) = r(T 2 ) for all T 2 G 012. 

Definition 3.13. Let Oil be a type IIi factor. A MASA ^ C Oil is said 
to be totally complementable if for every projection P ^ A the MASA 
PAP of PWlP admits a diffuse orthogonal abelian subalgebra. 

Remark 3.14. It is not difficult to see that the Cartan MASA in 
the hyperhnite IIi factor is totally complementable and thus, by [21, 
Proposition 3.6], so is every semiregular MASA in a type IIi factor 
with separable predual. 

With the above dehnitions in hand, we are now able to establish a 
multivariate generalization of [2, Theorem 3.2]. We note that the proof 
is virtually identical. 

Theorem 3.15. Let DJI be a type IIi factor and let A he a totally 
complementable MASA in Wl with corresponding normal conditional 
expectation : Tl ^ A. Let he a partition of unity in A 

such that each a{Ak) contains a finite number of points. Then there 
exists a collection of pairwise orthogonal projections {Pk\'k=i — ^ such 
that Pk = hn, and and E_A{Pk) = Ak for all k. 

Proof. By the assumptions on the A^’s, there exists a set of pairwise 
orthogonal, non-zero projections {Qj}‘jLi C iXft summing to the identity 
and scalars 

{ak,j I /c = 1,... ,n,j = 1,... ,m} C [0,1] 

satisfying Ak = '^JLi o^kjQj for all k and ^k,j = 1 for all j. 

Since A is totally complementable in DJI, for each j there exists 
a diffuse abelian von Neumann subalgebra Bj of the type Ifo factor 
QjDJlQj such that QjAQj and Bj are orthogonal. Since Bj is diffuse, 
there exists pariwise orthogonal projections {Pk,j}k=i summing to Qj 
such that TQ.y}iQ.{Pkj) = cxk,j for all k. Therefore, since QjAQj and Bj 
are orthogonal. 


EQjAQj{Pk,j) - TQ.mQj{Pk,j)Qj - Ctk,jQj- 
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For each fc, let Pk = ^k,j- Therefore {Pk}k=i is a collection of 

pariwise orthogonal projections summing to the identity such that 

m m 

Ej\,{Pk) = ^ ^ Eq.j^q. {Pk,j) = ^ ^ ^k,jQj = -^k- ■ 

i=i i=i 


Of course, approximate results yield precise results in the setting of 
an ultraproduct. 


Theorem 3.16. Let DJI be a type IIi factor, let A be a MAS A is Tl, 
let u be a free ultrafilter on N, and let and A‘^ be the ultraproducts 
ofiM and A respectively. If {Ak}1^i is a partition of unity in A"^ and 
Ej^uj : 911'^ —)• A^ is the normal conditional expectation ofDJV^ onto A‘^, 
then there exists pairwise orthogonal projections {Pk}^=i ^ such 
that 

Ej\yi[Pk) = Ak 

for all k. 


Proof. First choose a representative € A^ of Ai such that 

0 < Ai^j < Jot for all j. Next, choose a representative (^2,j)i>i ^ 
of A 2 such that 0 < ^ < Jot for all j. We desire to modify the 

representative (^2j)i>i so 0 — + for all j. Consider 

the function / G C([0, 00)) dehned by 


fix) 


X if 0 < x < 1 
1 if X > 1 


For each j dehne 


— fiAij + A2 j) - Aij G 911. 
Hence it is clear that 0 < A 2 J < Jot for all j, 

+ ^2,j = /(^Ij + ^2,j) — 

for all j, and 


i^2,j)j>i — ifi^ij + ^2j))i>i “ 

= / (^1 + ^ 2 ) — Ai = Ai + A2 — Ai = A2. 


For fc = 2,..., n—1, by recursively selecting a representative (Al.j)j>i G 
A‘^ of Ak such that 0 < A'j^ j < I<x)i for all j G Id and dehning 

I^k,j = fiAij + A2j + --- + Ak-ij + A'i^ j) — Aij — A2j — --- — Ak-ij G 91T 

for all j, we obtain representatives ^ of Ak such that 

0 < Akj < Jot and 

n—1 

0 < Akj < Im 

k=l 
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for all j. Therefore, if Anj = Im — YjlJi ^k,j for all j e N, then 
0 < Anj < Im for all j, YJk=i ^k,j = hi for all j, and 

n—1 

(-dnj)j>l ^ ^ -d-fc -d-n- 

k=l 

Let ^ ^ be the normal conditional expectation of 971 onto 

A. By Theorem 1.4 and by construction, for each j G M there exists 
pariwise orthogonal projections {Pkj}k=i — ^ fo identity 

such that 

~ ^k,j\\ < J 

for all k. Therefore, if 


Pk — {Pk,j)j>l G 971“^, 

then {Pk}^^i are pairwise orthogonal projections that sum to such 
that 

pA'^i.Pk) = {.EAi.Pk,j))j>l = (^fcj)j>l = A^. ■ 

3.4. Type IIo^ factors. The proof of the IIoo case of Theorem 1.4 
follows easily using previously illustrated techniques and arguments. 

Theorem 3.17. Theorem I .4 holds in the case that DJI is a //oo factor. 

Proof. The proof of the case where each Ak is a scalar follows by 
using arguments from Lemma 3.4 along with the fact that one can 
hnd n pairwise orthogonal, infinite projections in A. The result then 
follows from using hnite approximations of the AkS, taking all possible 
intersections of spectral projections, using the scalar case to deal with 
the inhnite common spectral projections, and using the IIi case of 
Theorem 1.4 to deal with the finite common spectral projections. ■ 

3.5. Type III factors. The III case of Theorem 1.4 is a trivial appli¬ 
cation of Theorem 2.1. 

Theorem 3.18. Theorem l.f holds in the case DJI is a type III factor. 

Proof. The proof reduces to the case each Ak is a scalar by using hnite 
approximations. The result then trivially follows by using arguments in 
Lemma 3.4 along with the fact that the identity in a type III factor can 
be divided into an arbitrary number of pairwise orthogonal projections 
contained in A. m 
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3.6. UHF C*-algebras. In this section we briefly examine how our 
results generalize to other classes of C*-algebras. One excellent can¬ 
didate is the class of UHF C*-algebras. This is due to their matrix 
algebra substructures, and the clear choice of a MASA - namely, the 
diagonal subalgebra. 

It is tempting to speculate that an approximate multivariate carpen¬ 
ter theorem does not hold for any class of UHF C*-algebras, since no 
such result holds for matrix algebras (cf. Example 3.1). However, it 
turns out that this is not the case. 

Theorem 3.19. Let 21 be an infinite UHF C*-algebra (i.e. not a matrix 
algebra) and let T) be the diagonal subalgebra of with corresponding 
conditional expectation U : 21 —> 2). Let be a partition of 

unity in V. Then for each e > 0 there exists a collection of (non-zero) 
pairwise orthogonal projections {Pk\1^i F 21 such that 
and 

\\E{P^)-A4<e 

for all k. 

Proof. By approximating, we may assume that Ai,...,A„ G 2) 0 
Alm(C) where is paH of the finite dimensional part in the 

construction of 21. Thus, by applying the following argument m times, 
we may assume that m = 1 and each Ak is a (non-zero) scalar. 

Consider the matrix algebra sequence 

C-aA1„,(C)-aA1„,(C)-a---. 

It is clear that we can approximate by rational numbers whose 

denominators are Uj for some large enough j. Hence, as each A^ is 
a diagonal scalar matrix in ATn (C), by Theorem 2.1 we can choose 
(non-zero) pairwise orthogonal projections with the correct diagonals 
to obtain the result. ■ 

Remark 3.20. Note that the difference between this result and The¬ 
orem 1.4 for III factors is the additional conclusion obtained for Hi 
factors that r(Pfe) = r(Afc) for each k. This cannot be accomplished in 
the UHF setting, since projections in matrix algebras necessarily have 
rational traces when viewed as elements in a UHF C*-algebra. 

4. Schur-Horn Type Theorems for Normal Operators 

In this section we will establish our approximate Schur-Horn type 
theorems for normal operators in a von Neumann factor by applying 
Theorem 1.4. Recall that given a von Neumann algebra 971, a MASA A 
with corresponding conditional expectation : 971 —?■ A, and a normal 
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operator N E OJf, our goal is to characterize the set of approximate 
diagonals 

" := {Ej^{U*NU) I U a unitary in an}"'l 

In order to prove a necessary condition for an operator A to belong 
to we hrst require the following lemma. 

Lemma 4.1. Let 21 and ® be unital C*-algebras with 21 abelian and let 
<h : 23 —)■ 2t 6e a unital positive map. If N E is a normal operator 
and 

T E {^{U*NU) I U a unitary in 23}" ", 
then a{T) C cUmr{a{N)). 

Proof. Suppose T = ^{U*NU) for some unitary U E Since 21 is 
abelian, 

a(r) = MT) I yp e Mm. 

where M (21) denotes the set of multiplicative linear functionals. Notice 
for each (p E Al(2l) that 99 o $ is a state on fB. Hence, as U*NU is 
normal, 

y,(T) = ip{^{U*NU)) E wm{a{U*NU)) = cmw{a{N)) 

for all ip E Al(2t). Hence criT) C com/{a{N)). The result then follows 
by the semicontinuity of the spectrum. ■ 

Corollary 4.2. Let N be a normal operator in a von Neumann al¬ 
gebra A and let A be a MASA in DJI with corresponding conditional 

expectation Eji^ : DJI -E A. Then for every A E ", 

cr(H) C conv(cr(7V)). 

As in Section 3, we will consider von Neumann factors according to 
their type. 

4.1. Type Iqo factors. For the case of we divide the discussion 

into two parts, depending on the type of MASA. 

4.1.1. The case of the discrete MASA. In this section we will generalize 
[20, Theorem 3.13] as much as seems possible. In particular, we will 
establish Theorem 1.2 for the case of a discrete MASA. The condition 

C conv(cre(A^)) remains necessary for us due to the lack of a 
Schur-Horn type theorem for normal matrices. 

We begin with the following simplihcation. 
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Lemma 4.3. Let N be a normal operator in B{'H) such that cr(7V) = 
ae{N). Then 

Pc(T)"'" = {TeV I a{T) C c^{a{N))}. 


Proof. One inclusion follows from Lemma 4.1 and the fact that E-p is 
completely positive. 

For the other inclusion, fix T G "P such that ct(T) C conv{a{N)). 
Let e > 0. Since T and N are normal operators, it is clear that we can 
hnd normal operators Tq G "P and Nq G B{'H) such that 

• ct(To) and cr(iVo) consist of a finite number of points, 

• ae{No) = a{No), 

• ||r - Toll < e, 

• 11— fVoll < e, and 

• o-(^o) C com{a{No)). 

It suffices to prove the result for the pair Nq and Tq. 

Let a{To) = and cr(iVo) = ae(iVo) = {Pk}l=i- Since 

= (t(To) C cbhv(cT(iVo)) = cbhv({/3fc}fc^i), 

and since Tq is a diagonal operator, there exists 


{lj,k I j G N,/c = l,...,n} C [0,1] 
such that Ylk=i 'hj,k = 1 for all j G N and 

n 

To = 5]]/3fcdiag(7i,fc,72,fc)73,fc) • • •)• 

k=l 


Note that by perturbing each 71 ^^ if necessary, we may assume that 
7 i,fc G ( 0 , 1 ) for all k, YJk=i 7 i,fc = 1, and 


To-'^h diag(7i,fc, 72,fc, 73,fc, • • •) 

k=l 


< e. 


Let 


M 


For each k let 


sup|/3fc| + l and 7 

k 


inf 7 i,fc > 0 . 

k 


Ak = diag(7i,fc, 727 ^ 73,fc) ■■■) ^T>. 

Thus {Ak}1^i is a partition of unity in V. By Theorem 3.3 there exists 
pairwise orthogonal projections {Pk}1^i with a{Pk) = o'e{Pk) such that 
ELi Tk = In and 

\\Ak - ET,{Pk)\\ < 












THE SCHUR-HORN PROBLEM FOR NORMAL OPERATORS 


21 


for all k. Since ||Afc|| > 7 , we see that EjyiPk) 7 ^ 0 for each k so Pk 7 ^ 0 
and Pk 7 ^ In for all k. 

Notice that 

n 

<e + Y,\M^k-ET 7 {Pk)\\ < 2 e. 

k=l 

However, it is clear that N' = Yl'k=i PkPk is a normal operator such 
that cr{N') = ae{N') = a{No) = ae{No). Whence N' and Nq are 
approximately unitarily equivalent in B{'H) and the result follows. ■ 

Theorem 4.3 immediately implies the following result. 

Corollary 4.4. If T E P, then there exists a normal operator N G 
H('H) such that a{N) = ae{N) = { 01 , 02 , 03 } where {ojl^^i C C are 

non-collinear points and T G Vd{N)^^ 

Example 4.5. In [3, Proposition 5] it was shown that there is no 
normal operator whose spectrum is { 0 , l,i} and whose diagonal is 

T = diag Q, 0, i, 1, 0, i, 1, 0, i, 1,.. .^ . 

However, Corollary 4.4 says T is almost the diagonal of a normal oper¬ 
ator with spectrum and essential spectrum { 0 , l,i}. 

Using the above techniques and Lemma 4.3, we obtain the following 
preliminary result to Theorem 1.2 . 

Proposition 4.6. Let N be a normal operator in Then 

{TeV \ a{T) C cbnv(ae(Ar))} C 

Proof. Fix T E V such that cr{T) C conv(cre(A^)) and let e > 0. 
Choose To E V such that ||T — To|| < e, ae(To) = {(3k}k=iy \ 

(Je(T) = where aj,f3k £ conv(cre(iV)) (where m = 0 is possible). 

Since iV is a normal operator, there exists a normal operator Nq E 
B{TL) such that ||iV-iVo|| < e, cre(iVo) = cr(^o) \ cre(No) = 

(where d = 0 is possible), and {I3k]k=i^{(^j]f'=i ^ conv({ 7 fc}^^i). 
To complete the proof, it suffices to show 

ToGPi,(7Vo)"'". 

Note that the case d = 0 follows directly from Lemma 4.3. 

For j = 1,... ,m let tj be the multiplicity of the eigenvalue aj in 
Tq. Similarly, for each j = 1,... ,d let Uj be the multiplicity of the 


Tn-E. 


V 


Y^fdkPk 


,fc=i 
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eigenvalue Xj in Nq. By rearranging the orthonormal basis for "D, Tq is 
unitarily equivalent to 


(aj © Piluo 

J=i 








,fc=l 


where T-Lq is an inhnite dimensional Hilbert space. Similarly, Nq is 
unitarily equivalent to 


^ ^ Xklno 

.i=i 


^ Iklno 


.fc=i 


.fc=i 


Hence, if we can show that there exist unitaries Uj such that the diag¬ 
onal of 


y ©7U«, u, 


.fc=i 


is within e of aj © (3iI-Uq for any j, and that there exist unitaries H4 
such that the diagonal of 


.fc=l 


is within e of ©fc=i/Sfc/wo then the proof will be complete. 

The Uj's exist by Lemma 4.3. To prove the existence of the H4’s, 
note that 




.fc=i 


is unitarily equivalent to 


(n-l) 


® ( ^ Ikl-Ho 


^ IklHo 


,k=l 


. fc=l 


and that 


^ f^kluo — ^ f^klno 


k=l 


,k=2 


Since Lemma 4.3 implies there is a unitary operator V such that the 
diagonal of 


n—1 




,fc=l 


is within e of ©fc= 2 /^fc-^Ho) suffices to prove the result for n = 1. 
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Since /3i is in the convex hull of {'^kYk=i^ there exist non-zero rational 
numbers {qkYk=i — [ 0 ; 1 ] X]fc=i Q'fc = 1 and 

i 

/^i - X] qkik 


k=l 


< e. 


Choose iV G N and {akYk=i ^ U {0} such that qk 
M G N such that 


n _ Aj -|- M X]fc=i QfcTfc 
NM + 1 


< e. 


and choose 


Let Di G A^Ar(C) be the diagonal matrix where exactly of the 
diagonal entries of Di are 7 fc for each k. Let D 2 G M.nm+i{,^) be 
the diagonal matrix where Ma^ of the diagonal entries are 7 ^ for each 
/c, and the remaining one diagonal entry is \j. Then up to unitary 
equivalence, 

A, © =D2®Df^. 

Now by Theorem 2.1, Di is unitarily equivalent to a matrix with every 
diagonal entry equal to 


1 

TV 


£ I 

'y ^ O.k'Jk y ^ qklki 

k=l k=l 


which is within e of /9i. Similarly, D 2 is unitarily equivalent to a matrix 
with every diagonal entry equal to 

Aj + ELi Mak'-fk 

NM + 1 


which is also within e oi /3i. The result now follows by taking a direct 
sum of unitary matrices obtained as above. ■ 


Theorem 4.7. Theorem 1.2 holds in the case when A is a discrete 
MAS A. 


Proof. Let A denote the set of compact operators. If we identify V = 
£°°(N), then we can write Cq = V n A. Since Exi^K) G Cq for every 
K G A it follows that the map Ev '■ A —)■ V/cq dehned by 

Et){T -|- .^) = Ex>{T) Cq. 

is well dehned and completely positive. Thus one inclusion follows from 
Lemma 4.1, and the other inclusion follows from Proposition 4.6. ■ 
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4.1.2. The case of a continuous MASA. In this section, using ideas 
similar to those used in the previous section, we will establish Theorem 
1.2 for the case of a continuous MASA. First, we require the following 
result from [16, Remark 5]. 

Lemma 4.8. Let A be a continuous MASA ofB{'H) with corresponding 
conditional expectation E_a '■ B{TL) —?■ A. If K G B{H) is compact, then 
Ea{K) = 0 . 

Theorem 4.9. Theorem 1.2 holds in the case when A is a continuous 
MASA. 


Proof. To see that 

P^(A^)" " c {A G M I cr(A) c TOnv(cre(A^))}, 


let A C B{'H) and dehne the completely positive map Ea '■ B{H)/A —)■ 
A as in the proof of Theorem 4.7. The inclusion then follows directly 
from Lemma 4.1. 

For the other inclusion, hx A G A such that ct(A) C conv{a{N)) 
and let e > 0. A standard approximation argument gives the existence 
of Aq G A and Nq G B{'H) such that ||A — Ao|| < e, ||A^ — A^"o|| < e, 
a(Ao) = (^e{No) = ^(^o) \ c^e(A'o) = and 

o'(Ao) C conv((T(Ai"o)). It suffices to prove the result for Aq and Nq. 

Observe that there are non-zero pairwise orthogonal projections 
A such that Ek = ly. and Aq = <^kPk- Furthermore, 

since cr(Ao) C conv(cr(Ai"o)), there are scalars G (0,1) such that 
ELi 7i,fc = 1 and 


Dj ^ ^ lj,kh 

k=l 


< e 


for all j. 

For each k, let A^ = J2]Li7j,kPj- Then 


Aq — fdkAk 

k=l 


< e, 


and {Ak\k=i is a partition of unity of A. By Theorem 3.5 there are 
pairwise orthogonal projections {Qk}^=i ^ B{TL), each of inhnite rank, 
such that YJk=i Qk = In, o'(Qfc) = (TeiQk) and ||P^(Qfc) - Afc|| < e/C 
for all k, where C = Ylk=i li^kl- 

Let be pairwise orthogonal, hnite-rank projections such that 

Q'j < Qi and rank((5j) is the multiplicity of the eigenvalue \j of N for 
all j. Replace Qi with Qi - Qj- Then Qi,..., Qn, G 
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B{H) are pairwise orthogonal projections. Moreover, Ej\,{Q'^) = 0 for 
each k by Lemma 4.8, and hence ~ ^fc|| < jj for each k. 

Let N' = Y2=i l^kQk + \Q'j- Then 

n 

||E^(iV')-Ao|| <e + 5^|/3fc|p^(gfc)-Afc|l <2e. 

k=l 

Since N' is a normal normal operator such that cr{N') = a{No) with 
equal multiplicity of hnite eigenvalues, N' is approximately unitarily 
equivalent to Nq. Hence the result follows. ■ 


4.2. Type IIi factors. In this section, we proceed with a Schur-Horn 
type theorem for normal operators in IIi factors. The discussion varies 
slightly from the loo case due to the existence of a faithful tracial state. 
Denote by Xx{N) the spectral projection of a normal operator N with 
respect to a Borel set X. 

The next result completely characterizes the approximate diagonal 
of a normal operator with finite spectrum in a IIi factor. 


Theorem 4.10. Let ^ be a type IIi factor, let r be the faithful normal 
trace on DJI, and let A be a MASA of DJI with corresponding normal 
conditional expectation : DJI ^ A. Let N E DJI be a normal operator 
such that (t{N) = C C. Then 

H G dim"'" 

if and only if there exists a partition of unity {Ak}^=i in A such that 
r(Hfe) = T{x{zk}iN)) for each k, and 

n 

^ ^ ^kAk A. 

k=l 


Proof. Let ook = T(X{zk}(-^)) for each k. Suppose first that A e 
so that A = E_a(U*NU) for some unitary U E DJI. For 
each k let Pk = X{zk}{AJ) and let Aj^ = EA{U*PkU) E A. Clearly 
D < Ak < 

r{Ak) = T{EA{U*PkU)) = T{Pk) = ujk for all k, 

Ak = E^I U* 

k=l \ 


E 


=EAIm) = Im, 


k=l 


E = -B.A £/• E V 


k=l 


yk = l 


Ea{N) = H. 


and 
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Now suppose A E . Then there exists a sequence C 

P^(7V) such that linim-j-oo ||^ ~ = 0. For each m E N choose a 

partition of unity in A such that r for all /c, 

and 

n 

Y^ZkAt^ = A^^\ 

k=l 

Since the unit ball of A is weak*-conipact, the result follows by tak¬ 
ing a weak*-hmit over a common subnet since r and are weak*- 
continuous. 

For the converse direction, Ax A E A and snppose there exists a 
partition of unity in A such that ri^Ak) = Uk for all k and 

n 

^ ^ ZkAk A. 

k=l 

Fix e > 0. By Theorem 1.4 there exists a unitary operator U E DJI such 
that 

||klfc-F;^(f/*X{.,}(iV)17)|| <e 

for all k. Therefore 

n n 

\\A-E^{U*NU)\\<Y\\zk{Ak-E^{U*X{.,}{N)U))\\<eY\zk\. 

k=l k=l 

Therefore, since the {zk}'l,^i are hxed, the result now follows. ■ 

Although Theorem 4.10 only applies to normal operators with hnite 
spectrum, it effectively solves the approximate Schur-Horn problem for 
normal operators via hnite approximations. For example. Theorem 
4.10 implies the following result about arbitrary normal operators. 

Theorem 4.11. Let DJI be a type IIi factor, let r he the faithful normal 
tracial state on DJI, and let A be a MAS A. If N E DJI is a normal 
operator, then 

Proof. Since 911 is a von Neumann algebra, for each e > 0 there exists 
pairwise orthogonal projections {Pfc}fc=i ^ 911 and scalars {zk}k=i ^ C 
such that = hn and 

n 

N -Y 

k=l 


< e. 
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Moreover, since r is norm-continuous, we may assume, by applying a 
small perturbation, that 

r = t{N). 

Let Nq = ^kPk so that iVo G OJt is a normal operator with 

(j{Nq) = and t{x{z,,}{No)) = r(Pfc) for all k. If Ak = T{Pk)Im 

for all fc, then clearly 0 < < J^, T{Ak) = T{Pk), and 

n n 

Ak = ^ 'r{Pk)I<m = Im.- 

k=l k=l 

Thus 

n 

T{No)I<^ = J2^kAkeV^{N,f'' 

k=l 

by Theorem 4.10. Since ||A^ — iVo|| < e, the result follows. ■ 

We are now able to prove Theorem 1.3. 

Theorem 4.12. Theorem 1.3 holds. 


Proof. One inclusion follows directly from Corollary 4.2 and the fact 
that Ej\^ is a trace-preserving, completely positive map. 

For the converse, note that the conclusions of the theorem are un¬ 
changed if we replace iV by a scalar translation or a non-zero scalar 
multiple. Thus we may assume cr(iV) = {0,1, z} where Im{z) > 0. The 
spectral distribution of N may then be written as (3q5q + /3i(5i -|- 
where 5^ represents the point-mass measure at x and (3o,(3i,(3z £ (0,1) 
are such that /^o + A + /^^ = 1- 

Fix A ^ A such that t{A) = t{N) and cr^A) C conv(cr(A^)). Let 
e > 0. Since 911 is a type IIi factor, there exists pairwise orthogonal 
projections P A and scalars {q!j}Ai P C such that Pj = 

Im and 


^ ^jPj 


i=i 


< e. 


Furthermore, by refining the approximation, we may assume in addi¬ 
tion that {(TjlAi P conv((j(iV)) and 



t{N). 


T 
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Since aj G conv(cr(A^)) for each j, there exists scalars 7j,o, 7j,i, 7 i ,2 G 
[0,1] such that 7j^o + lj,i + lj,z = 1 and aj = 7j^oO + 7j,il + 7 j, 2 ^- Thus 

n 

/^oO + fill + fizZ = ^{N) = ^^(7j,oO + 7j,il + 7j,^2;)r(Pj). 

i=i 

Since Im{z) > 0, the above equation implies that 

n 

= 5^7i.2r(Pi). 
i=i 

By analyzing the real part, we also obtain that 

n 

A = ^ijMPj). 
j=i 

Furthermore, since 7j,o+7yi+7j> = 1 for each j and since /9o+/Si+/Sz = 
1, we obtain that 

n 

A = ^ljflr{Pj). 
j=i 

Based on the above equations and the fact that 7l is a MASA in “DJI, 
for each j there exists pairwise orthogonal projections {Pyo, Pj,i, Pj,z} P 
PjAPj such that Pj = Pjfl + Pyi + Pj^z, 

^(A,o) = lj,oT{Pj), r(Pyi) = 'jj,iT{Pj), and r(Py^) = 7j>^(A)- 
Therefore, if 

n 

N' = OPyo + lPj,l + ^Pj,z, 
i=i 

then A^' G is a normal operator with the same spectral distribution 
as N. Thus, as (t{N) is hnite, there exists a unitary operator P G fOT 
such that N' = U*NU. 

Notice that 

PjN'Pj = OPyo + lPj,i + zPj,z 

and 

r(OPyo + IPyi + zPj^z) = 7j,oT{Pj)0 + lj,iT{Pj) + 

Hence, by applying Theorem 4.11 to the type IIi factor PjTlPj, the 
MASA PjAPj, and the normal operator PjN'Pj G PjDJlPj, there exists 
a unitary Wj G PjTlPj such that 
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Therefore IV = J2j=i ^ is a unitary operator such that 

= ||E”.i Ep,^pA'ViP,N'P,W,) - E"., aiP,\ 

This gives 


E_a{W*U*NUW) - All 


< 

n 

+ 

n 

A — ctjPj 


j=i 


i=i 


Since UW G 97t is a unitary operator, the result follows. ■ 

We immediately obtain the following corollary. 

Corollary 4.13. Let ‘OK be a type IIi factor, let r be the faithful tracial 
state on 911, let A be a MASA in OK with corresponding normal condi¬ 
tional expectation E_a OK ^ A, and let A E A. Then there exists a 
normal operator N E OK such that (t{N) contains precisely three points 
and 

agpIM"'"- 

Example 4.14. Theorem 1.3 may not be improved to normal operators 
with four points in their spectrum. Indeed consider the normal operator 
N whose spectral distribution is |(5o + (5i + 5* + (5i+j) and the normal 
operator A in the MASA A whose spectral distribution is |(5o + 

It is clear that <j{A) C comr{a{N)) and r(A) = t{N). 

If A G \ then there are subprojections Pq, Pi, Pi, Pi+i of 

X{o}(A^), X{i}iN), X{i}{N), and X{i+i}(A^) respectively such that 

e(-Po) + + ^iPi) + T{Pi+i) = - 

and 

Ot(To) + Ir(Pi) + iri^Pi) + (1 + i)r(Pj+i) = 0. 

However, this is clearly impossible, since 0 is an extreme point of the 
square with vertices {0,1,1 + i, i}, and the trace of the spectral projec¬ 
tion of N corresponding to 0 is 

Note that the pair A, N do not satisfy the assumptions of Theorem 
4.10. 
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4.3. Type IIoo factors. The following analogue of Theorem 4.10 for 
IIoo factors can be proved in the same way using the version of Theorem 
1.4 for IIoo factors. 

Theorem 4.15. Let VJl be a type IIoo factor with separable predual, let 
T be the semifinite normal trace on 911, and let A be a MASA of 911 
with corresponding normal conditional expectation : Wl ^ A. Let 
N E be a normal operator such that cr{N) = Then 


A G Dj,{N) 


if and only if there exists a partition of unity {Ak}1^^ of A such that 
r(Afc) = t{x{z^,}{N)) for all k and 


n 



k=l 


4.4. Type III factors. Unlike factors of type loo and II, the set of 
approximate diagonals of a normal operator in a factor of type /// is 
easily described. 

Theorem 4.16. Let be a type III factor, let Abe a MASA ofTl with 
corresponding conditional expectation : Tl -E A, and let N EiM be 
a normal operator. Then 

A 6 '' if and only if a (A) C conv((T(A^)). 

Proof. If A G '' then a{A) C conv{a{N)) by Corollary 4.2. 

For the converse direction, A E A and N E DJI such that <7(A) C 
conv((T(A^)). Let e > 0. Since .4, is a MASA in the type III factor 
911, there exists a normal operator Aq E A such that cr(Ao) is a hnite 
set, (j(Ao) C a{A) C coTw{a{N)), and ||Ao — A|| < e. Furthermore, 
since ct^Aq) is a hnite set and 91t is a type III factor, there exists a 
normal operator Nq E DJi such that a^No) is hnite, ||Ai"o — A^|| < e, and 

a{Ao) C conv((T(A^o))- 

Let = cr(Ao) and let {/SkY^i = ^{No). For each j = 1 .. . ,i 

let Pj = X{aj}(Ao). Then is a collection of pairwise orthogonal, 

non-zero projections that sum to Jgjt. Since 911 is a type III factor, 
for each j there exists a collection of pairwise orthogonal, non-zero 
projections {Pj,k \ k = 1,... ,n} E A such that YYk=i^hk = Pj- 
Dehne 


£ n 



j=l k=l 
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The operator N' is clearly normal and (t{N') = cr(7Vo). Thus there 
exists a unitary U E Tl such that U*NqU = N'. 

Fix j G By construction, N' commutes with Pj and 

{(3k]k=i — <^(-^ 0 ) is the spectrum of PjN'Pj inside of PjdJftPj. Since 
a G conv((T(A^o)) = conv({/3fc}^^]^), there exists {7fc}fc=i ^ [0,1] such 
that 7fc = 1 and 

n 

k=l 

Hence by Theorem 3.18 implies there exists a unitary Wj G PjDJlPj 
such that 

Ih-.T- - Ep,^p,{w;p,.^w,)\\ < 
where M = max^ |/3fc|. Hence 

l|a,T - Ep,AP,{W;P,N'PiWi)\\ 

n 

< Y. hkhPj - /3fc^p,AP,(fF;p,,A:fF,)i| 
i=i 

n 

< e. 

By applying the above construction for each j, we obtain that W = 
is a unitary operator satisfying 

i 

E Ep,^P,(W'PjN'PjWj) - a,P, 

i=i 

= max \\Ep^j^p.{W*PjN'PjWj) - ajPj\\ < e. 

Thus ||E^(hF*f/*iVol71F) - Holl < e, so 

\\Ej^{W*U*NUW) - H|| < 3e. 

Since UW G fOt is a unitary operator, the result follows. ■ 

4.5. Cuntz C*-algebras. It follows from Remark 3.20 that, in gen¬ 
eral, one cannot hope to have any kind of tracial condition in a mul¬ 
tivariate Carpenter’s theorem for UHF C*-algebras. This precludes 
us from applying the techniques used in previous sections to arbitrary 
UHF C*-algebras in order to obtain a Schur-Horn type theorem for 
normal operators. 


||F;^(lF*iV'lU) - Ho 
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Therefore, we restrict our attention to a setting where the trace 
should not matter, namely the Cuntz algebra It is well-known 
that there exists a copy of the 2°°-UHF C*-algebra in C> 2 , and a 
conditional expectation Ej:^ ■. O 2 ^ J- 2 - In particular, if t D is 

the expectation onto the diagonal, then the map E^) : O 2 ^ dehned 
by E^ = E o Ejr^ is a conditional expectation onto the diagonal. For 
this expectation, we obtain the following result. 


Theorem 4.17. Let E^ : O 2 ^ T) be the conditional expectation de¬ 
scribed above and let N ^ O 2 be a normal operator such that ^{N) = 
{ofelLi- Then 


V^iN)" = 


oikAk 


k=l 


{Ak}^^i a partition of unity in 2) 


Proof, li A = E^{U*NU) for some U G W(C> 2 ), then it is clear that 


A G < 


k=l 


{Ak}'l^i a partition of unity in 2) 


since the image of the spectral projections of U*NU under E^ form a 
partition of unity of 2). This gives one direction. 

For the other direction, suppose that A = J2k=i ^^kAk for some parti¬ 
tion of unity C 2). Theorem 3.19 implies there exists non-zero 

orthogonal projections {Pk}k=i ^ -^2 ^ C >2 such that 


E^{,Pk) — Ak\\ < e. 


In particular. 


A-E^ 






vfc=l 


< Me, 


where M = Wk\- The operator J2k=i^kPk is normal with the 

same spectrum as N. Hence it is unitarily equivalent to N by iF-theory. 
The result now follows. ■ 


Corollary 4.18. Let E^i : O 2 T) be the conditional expectation 
described above and let S E O 2 be a self-adjoint operator. Then 

= {H G 2) I cr(H) C conv((T(S'))}. 

Proof. The inclusion 

T’d(S')'' '' C {H G 2D I cr(H) C conv(cr(S'))} 
follows from Corollary 4.2. 
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For the other inclusion, we may assume without loss of generality 
that cr{S) is hnite, since O 2 has real rank zero. Write cr(S') = {ak}'^^i 
with «! < 02 < • • • < On, and hx A G 2 ) such that (t{A) C conv((T(S')). 
Since O2 has real rank zero, we may further assume that (t{A) is hnite, 
and that ^ (^{A). Write cr^A) = and A = 

where are spectral projections. 

Fix e > 0. Since ai < f3j < an for each j, there exists non-zero scalars 
{lk,j}'l=i C (0, such that Yl=ilk,j = 1 and ELi - (^j\ < e- 

Let Ak = Y^^=i1k,jQj £ 2D. Then since {Ak}1^i is a partition of 
unity in 2), by Theorem 4.17 there exists non-zero pairwise orthogonal 
projections {Pfc}fc=i P P 2 P 2) such that ||Pj)(Pfc) — Afc|| < e. 

Setting Sq = X]fc=i *afcPfc and M = Wk\i we estimate 


E's^Sq) — o^kAk 

k=l 


n n 

'^^akE^{Pk) — 

k=l k=l 


< eM 


and 


A — ^ akAk 


k=l 


OikIkjQj 

j=l j=l k=l 


< e 


Since Sq and S are unitarily equivalent in O 2 , the result now follows. 
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